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In this paper we report on an experimental test of Bertrand’s question on the probability to find
a random chord drawn inside a unit-radius circle with length greater than
√
3. In an experiment
performed by tossing straws onto a circle, we confirm theoretical predictions that the answer depends
on the ratio of the circle diameter, 2R, to the straw length, L, and that the special case corresponding
to Laplace’s principle of indifference is only obtained in the experimentally unattainable limit of
infinite straw length, d˜ = 2R/L→ 0. In addition, we observe a systematic discrepancy in the limit,
d˜ = 2R/L→ 1, where a large number of events are rejected. We conclude that the experimental test
of Bertrand’s paradox provides a good illustration of the Duhem-Quine problem—that hypothesis
testing is always conditional on a bundle of real auxiliary assumptions.
PACS numbers: 01.70.+w 02.50.-r 06.20.Dk,
I. INTRODUCTION
In 1889 Bertrand [1] asked the purely mathematical
question: If one draws a chord inside a circle at random,
then what is the probability for its length to be longer
than the side of the inscribed equilateral triangle? He
gave three answers, 1/4, 1/3 and 1/2, depending on how
we choose to interpret the words at random, see Fig. 1.
In 1973 Jaynes [2] proposed a ‘solution’ to this appar-
ent ‘paradox’ based on invariance to other assumptions—
sometimes called ‘the principle of maximum ignorance’.
Jaynes argued that the absence of additional information
leads us to Laplace’s principle of indifference—one of the
‘cornerstones’ of probability theory, with wide-ranging
significance across the physical sciences from statistical
and quantum physics [3] to econophysics [4]. Note that
in practice, there is often no reason to prefer an indif-
ference probability distribution over any other [5]. In
reality, Jaynes asked a different question to Bertrand: A
long straw is tossed at random onto a circle; given that
it falls so that it intersects the circle, what is the prob-
ability that the chord thus defined is longer than a side
of the inscribed equilateral triangle? This experimental
question is distinct from Bertrand’s purely mathemati-
cal question, [6, 7] and requires additional assumptions,
such as, how ‘long’ does the straw need to be relative
to other length scales? The case of finite straw length
has been analyzed theoretically by Porto et al. [8], who
showed that the correct answer depends on the ratio of
the circle diameter, 2R, to the straw length, L, and only
in the mathematical limit, d˜ = 2R/L→ 0, can we expect
to recover Jaynes’ ‘maximum ignorance’ result.
The experimental form of Bertrand’s question is a good
example of the so-called Duhem Quine problem—the im-
possibility of testing a hypothesis without auxiliary as-
sumptions [9–11]. In practice, the design and analysis of
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FIG. 1. Illustration of the three standard answers to
Bertrand’s question. (a) A chord drawn at random inside
a unit-radius circle may be either longer (shown in black) or
shorter (shown in grey) than the side length of an inscribed
triangle,
√
3 (shown dashed). In case (i), the distribution of
the chord end points is randomized giving a probability that
a chord is longer than
√
3 equal to 1/3. In case (ii), the ra-
dial position of the chord mid-point is randomized giving the
answer 1/2. In case (iii), both cartesian coordinates of the
chord midpoint are randomized giving 1/4. (b) and (c) show
the corresponding chord and mid-points distributions, respec-
tively, for each randomization procedure. In an experimental
test with infinite straw length, there are no end points and no
midpoint so only solution (ii) is allowed.
an experiment requires many real assumptions. In addi-
tion to the finite length of real straws, the experimental
test of Bertrand’s questions requires choices about how
the random events are created, how to deal with failed
attempts, and how we choose to record and analyze the
data. Each of these assumptions plays a role in determin-
ing the assumed distribution and hence the final answer.
As Bertrand’s ‘paradox’ is both historically significant
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2in the development of probability theory [2, 6], and more
recently has become important in the context of an inter-
esting class of metamaterials [12], such experimental and
interpretative questions are significant. Although, Porto
et al. [8] performed a numerical experiment, and there
are related experimental studies on random coin toss-
ing [13], there have been no rigorous experimental tests
of Bertrand’s question. As the experiment can be per-
formed using simple equipment, exploit standard tech-
niques in image and data analysis, and raises interesting
interpretive question, it follows that systematic experi-
mental investigations are long overdue.
In this letter, we perform an experimental test of
Bertrand’s question. We show how the practicalities of
the experiment force us to address the additional assump-
tions in a way that may not arise in theory or simulation.
For example, we observe a systematic discrepancy in the
limit, d˜ = 2R/L → 1, where a large number of events
are rejected, which suggests that theoretically assumed
distribution is not reproduced experimentally. We con-
clude that the experimental test of Bertrand’s ‘paradox’
is a useful test case to explore the Duhem-Quine prob-
lem that hypothesis testing is typically dependent on a
bundle of interdependent assumptions.
II. EXPERIMENTAL TEST
The principle of the experiment is illustrated in Fig. 2.
We throw spinning straws of length L onto a large sheet
of card, Fig. 2(a), where a circle of radius R is drawn,
Fig. 2(b). Immediately obvious from Fig. 2(a) is that
there are two distinct random aspects of straw throw-
ing. First, the angle of the straw is randomized (isotropy
or rotational randomness), and second the point where
the straw lands (which we can take as its mid-point) is
also random (spatial homogeneity or translational ran-
domness). In an idealized scenario, we could imagine
the experiment as an analogue simulator of translational
and rotational randomness—randomly choosing a point
where one end of the straw touches the floor, and second
randomly choosing a direction in which the straw topples.
In this respect there is a close analogy with Buffon’s nee-
dle where a similar interplay between translational and
rotational randomness is found [8].
To record each event, we take a photograph of the
straw, Fig. 3(a), then draw a circle with a random posi-
tion and diameter , Fig. 3(b). The experiment is repeated
3600 times and the resulting images form the complete
dataset for analysis. The 3600 lines obtained from fit-
ting the images are shown in Fig. 3(c). For any par-
ticular circle, we make a histogram of the distribution
of chord lengths and calculate the probability that the
chord length is longer than the side length of an inscribed
equilateral triangle. We might expect that the experi-
ment would produce one of the three standard answers
to Bertrand’s question shown in Fig. 1, and that the ex-
periment will tell us which parameters are randomized
FIG. 2. Schematic of the experimental scheme for testing
Bertrand’s paradox. (a) A straw of length L is thrown and
spun such that both its position and angle on the circle are
randomized. (b) An example showing the straw position after
landing on a circle of radius R drawn in black on a sheet of
card.
FIG. 3. (a) Camera image of the tossed straw on the paper.
(b) The image processing routine fits a straight line through
the path of the straw and adds a circle. The position and size
of the circle may be chosen in the analysis. In (b) we show
two example circles to indicate, first a successful trial (the
larger circle) and second an unsuccessful trial (smaller circle)
where the straw misses the circle completely. Such cases are
omitted from further analysis leading to a post-selection of
‘events’. The length of the line may either match the length
of the straw or be extended as desired. (c) The experiment is
repeated 3600 times and the path of each straw is added. In
all plots, the coordinates on the axes are pixel counts of the
camera.
in a random straw toss. However, the answer is more
complex and depends on how we choose to analyze the
images. As both the circle size, 2R, and position, can
be varied in post processing this allows us to generate an
infinite data set from the original finite set of images. As
highlighted by Porto et al. [8] a key parameter in the ex-
periment is the circle diameter to length ratio, d˜ = 2R/L,
and the answer to Bertrand’s question turns out to be a
continuous function of this ratio [6, 8].
Not all trials produce a straw that completely overlaps
with the circle as illustrated in Fig. 3(b), and it is neces-
sary to post select events where a chord is defined. This
post selection involves degrees of freedom about how we
chose to analyze the data. In practice, we need to impose
additional assumptions in order to obtain a result, and
then we find that the result obtained depends on these
assumptions. In selecting successful trials, there are three
possible choices depending on whether we require zero,
3FIG. 4. The probability of measuring a chord length to di-
ameter ratio between x and x + dx, for two values of the
circle diameter to straw length ratio, d˜ = 2R/L: (a) For rela-
tively short straws (d˜ = 2R/L = 0.72) and (b) for long straws
(d˜ = 2R/L = 0.112). The geometrical solution, Eq. (3) is
shown as a solid line and the residuals are plotted below. The
average chord length is indicated by the white dashed line.
one or two intersections between the circle and the straw.
We refer to these cases as the line, ray and segment view-
points, respectively. The line viewpoint assumes that
wherever the straw falls we can extend its length and if
it crosses the circle, it is a valid trial. The ray viewpoint
assumes that a straw that crosses the circle once can be
extended to cross a second time. The segment viewpoint
assumes that the trial is only valid if the straws makes
two intersections with the circle. The line, ray and seg-
ment viewpoints become equivalent in the mathemati-
cally ideal infinite-straw-length limit d˜ = 2R/L → 0.
For the data presented here, we use the segment view-
point, however, it is possible to show the main qualita-
tive conclusions are not dependent on this choice. As in
the experiment the length of straws is fixed, we modify
the R/L-ratio (the dimensionless parameter d˜) by chang-
ing the radius of the circles in the analysis. In practice,
for each value of R, we draw 3000 randomly positioned
circles with adjacent circles separated by a minimum of
20 pixels. For an individual run, we measure the chord
length, `, and bin the dimensionless length x = `/(2R)
in bins with width 0.02. The resulting normalized his-
tograms for two values of the parameter d˜ are shown in
in Fig. 4.
III. THEORETICAL DERIVATION
The probability distributions shown in Fig. 4 follow
from a simple geometrical argument. Using rotational
symmetry we can always rotate the chord axis to be ver-
tical as in Fig. 5. We consider all possible positions of
first touch that give a valid trial in the segment view-
point. Using axial symmetry, we only need consider
the left part of the first touch area. Let p(x)dx be the
probability to measure a chord with length between 2Rx
and 2R(x + dx), where x is chord-to-diameter ratio, see
Fig. 5(b). First we derive a probability cumulative func-
tion, F (x) =
∫ x
0
p(x)dx, by considering the area A where
all straws that first touch in A generate a chord length
shorter than 2Rx. Using geometry, we obtain the follow-
ing function for A:
A = LR
√
1− x2 −R2 sin−1(x) +R2x
√
1− x2 . (1)
The cumulative probability F (x) = A/(A1 +A2):
F (x) =
4
√
1− x2 − 2d˜ sin−1(x)− 2xd˜√1− x2
4− pid˜ . (2)
The probability density function p(x) is given by the
derivative of F (x):
p(x)dx =
(
1− pid˜
4
)−1(
x− x2d˜√
1− x2
)
dx . (3)
This formula is used to plot the line in Fig. 4 and gives
very good agreement with the data. In the limit, d˜→ 0,
one obtains Jaynes’ distribution:[2]
p(x)dx =
xdx√
1− x2 . (4)
Eq. (4) is the limiting case of segment viewpoint but it
is possible to show that the same distribution is obtained
using the line or ray viewpoints. The only difference is
in how we determine the area of first touch. Instead
in Fig. 5, for the ray viewpoint, the first-touch area is
enclosed by upper half of the solid circle, the upper half
of dotted circle and the two dotted lines. Repeating the
analysis proves the equivalence between the ray and line
viewpoints, and the limiting case of segment viewpoint
in the limit d˜→ 0.
Comparing the experimental data of Fig. 4 to the pre-
dictions of Eq. (3), we obtain a mean-square weighted de-
viation (χ2µ) [14] of 8.8 and 1.8 for short and long straws,
respectively. The experiment becomes a more accurate
two-randomizer ‘machine’ in the assumed limit of infinite
straw length. The nature of the breakdown in the limit
of large post-selection requires further investigation. A
formula for the average ratio of chord length to circle
diameter, dashed lines in Fig. 4, using the segment view-
point, can also be derived by integrating xp(x) using (3)
from 0 to 1:
x =
(
1− pi
4
d˜
)−1(pi
4
− 2
3
d˜
)
. (5)
Note that in the limit d˜ → 0, the average chord length
becomes x→ pi/4 .
From the distribution shown in Fig. 4, we can calculate
the probability, P , that the chord length is longer that√
3R (x >
√
3/2 = 0.866). As apparent by comparing
Fig. 4(a) and (b), P depends on the circle diameter to
straw length ratio d˜ = 2R/L. The measured probabilities
4for 18 different values of d˜ are plotted in Fig. 6. Again
we can obtain an analytical result using geometry. If we
want the chord to be longer than
√
3R, then the position
of first touch must be within the area A2, and the proba-
bility of a chord length greater than
√
3R is given by the
ratio A2/(A1 +A2), see Fig. 5(a). Using geometry
A2 =
LR
2
− piR
2
6
−
√
3R2
4
, (6)
A1 +A2 = LR− piR
2
2
, (7)
and the probability A2/(A1 +A2) is
P (d˜) =
12− 2pid˜− 3√3d˜
24− 6pid˜ . (8)
We plot this analytic expression together with the mea-
surements in Fig. 6, and find reasonable agreement with
the experimental data. However, there is a clear system-
atic discrepancy between theory and experiment in the
limit d˜ → 1, where the amount of post-selection is max-
imal. The reason for this discrepancy is unknown and
will require further investigation. In the limit of infinitely
long straws, d˜→ 0, we obtain P (d˜)→ 0.5 corresponding
to Jaynes’ result [2] as expected.
IV. DISCUSSION
The main conclusion of Fig. 6 is that rather than one
of these three standard answers to Bertrand’s question
(illustrated in Fig. 1), we find that the answer is a con-
tinuous function of the d˜ = 2R/L ratio as predicted the-
oretically in Refs. [6, 8]. In the limit of infinite straw
length (d˜ = 2R/L→ 0) the answer tends towards 0.5. In
this limit the line, ray and segment viewpoints merge [15].
In the opposite limit d˜→ 1 s the amount of post-selection
increases which reduces the probability of finding a chord
longer than
√
3R.
One interpretation of the Duhem-Quine thesis [11] is
that we cannot assess which assumptions, e.g. edge ef-
fects, that the experiment is a ‘perfect random number
generator. or that the straw length is sufficiently large, is
responsible for the discrepancy between the measurement
and the expected result. In our example by simulating
different straw lengths we are able to separate the effect
of the straw length from other assumptions. The fact
that we observe a systematic discrepancy in the limit,
d˜ = 2R/L→ 1, suggest a residual bias in the experiment
that cannot be eliminated simply by taking more data.
The origin of this discrepancy is most likely due to the
finite size of the raw images.
The experiment demonstrates the impracticality of
testing Jaynes’ maximal ignorance proposition. In prac-
tice the experiment demands auxiliary conditions, i.e. a
corresponding interpretative model, that are not inde-
pendent from other assumptions about the relative straw
length, image size, and post-selection.
FIG. 5. Geometry used to derive analytical expressions for the
chord-length distribution. The vertical black line represents a
straw with length L. The dashed circle trace out the far end-
point for a valid trial in the segment viewpoint. (a) Sketch of
chord with length equal to
√
3R. (b) Sketch of the general case
with a chord of length 2Rx. The probabilities of particular
outcomes are related to the areas, A1, A2 and A.
FIG. 6. The probability of a chord length longer than
√
3R as
function of the circle diameter to length ratio d˜ = 2R/L. The
probability tends to 0.5 in the limit of infinite straw length or
equivalently infinitely small circle diameter. The solid line is
the theoretical prediction of Eq. (8).
V. SUMMARY
In summary, we have performed an analysis of an ex-
perimental test of Bertrand’s question that illustrates the
fundamental nature of assumptions implicit in the sci-
entific method, i.e. experimentation requires auxiliary
conditions. Almost all experiments are designed with a
prior probability distribution in mind. The experiment
is in effect only a test of the assumed distribution, par-
ticularly in the case of post-selection. In the limit of long
straw length the experimental test of Bertrand’s paradox
5selects Laplace’s principle of indifferent, like quantum
experiments post-select quantumness, and Black-Scholes
hedging selects gaussian fluctuations [16].
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